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Parametric Excitation of Subharmonic Oscillations
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Subharmonic oscillations of order one-half for a singie-degree-of-freedom system
with quadratic, cubic, and quartic nonlinearities under parametric excitation are
investigated. Two approximate methods (multiple scales and generalized
synchronization) are used for comparison. The modulation equations (reduced
equations) of the amplitudes and the phases are obtained. Steady-state solutions
(periodic solutions) and their stability are determined. Numerical solutions are
carried out, and graphical representations of the results are presented and
discussed. The results obtained by the two methods are in excellent agreement.

1. INTRODUCTION

Excitations produced by time-dependent parameters in the governing
equations are called parametric excitations. In contrast with the case of
external excitations, which lead to inhomogeneous differential equations with
constant or slowly varying coefficients, parametric excitations lead to homo-
geneous differential equations with rapidly varying coefficients, usually peri-
odic ones.

The problem of parametric excitation arises in many branches of physics
and engineering. For a comprehensive review of the response of single-
and multi-degree-of-freedom systems to parametric excitations, see Evan-
Iwanowski (1976), Nayfeh and Mook (1979), Ibrahim (1985), Schmidt and
Tondl (1986), Zavodney (1987), Balbi (1973), Haag (1962), Elnaggar and
Hamd-Allah (1982), Elnaggar (1985), Elnaggar and El-Basyouny (1992,
1993, 1995), and Elnaggar and El-Diriny (199S).

Zavodney and Nayfeh (1988), using the method of multiple scales,
studied the response of a single-degree-of-freedom system with quadratic
and cubic nonlinearities to a fundamental parametric resonance. Zavodney
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et al. (1989), using the same method, studied the case of a principal paramet-
ric excitation.

In this paper, we investigate subharmonic oscillations of order one-half
(principal parametric resonance) for a single-degree-of-freedom system with
quadratic, cubic, and quartic nonlinearities under a parametric excitation. The
quadratic term may be due to curvature or an asymmetric material nonlinearity,
whereas the cubic and quartic terms may be due to mid-plane stretching or
a symmetric material nonlinearity. The parametric term may be due to a
harmonic axial load. Two approximate methods are used to find two first-
order ordinary differential equations describing the modulation of the ampli-
tudes and the phases. Steady-state solutions (periodic solutions) and their
stability are determined. Numerical calculations are carried out. The results
obtained by the two methods are in excellent agreement.

2. FORMULATION OF THE PROBLEM

Subharmonic oscillations (periodic oscillations) of order one-half for a
single-degree-of-freedom system with viscous damping and quadratic, cubic
and quartic nonlinearities under a parametric excitation can be modeled by
a second-order ordinary differential equation of the form

i+ ofu + eQpu + oqu? + o’ + asut + auucos Q) =0 (1)

where the dots indicate differentiation with respect to time ¢, € is a small
parameter, w, is the linear natural frequency, w is the coefficient of viscous
damping, o, ay, and a; are the coefficients of the nonlinear terms, and o4 and
() are the amplitude and frequency of the parametric excitation, respectively.

3. THE METHOD OF MULTIPLE SCALES

A first-order uniform solution of equation (1) is sought by using the
method of multiple scales (Nayfeh and Mook, 1979) in the form

u(t; € = ug(To, Ty) + ew(To, T)) + - - ()

where T, = t is a fast scale associated with changes occurring at the frequen-
cies wg and () and T, = er is a slow scale associated with modulations in
the amplitude and the phase caused by the nonlinearity, damping, and oscilla-
tion. In terms of the T, the time derivatives become

d d?

E=DO+6D,+---, E;=Dg+2eDOD1+-~- 3)
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where D, = 4/9T,. Substituting equations (2) and (3) into equation (1) and
equating coefficients of like powers of €, one obtains

D3uy + oduy =0 4
Diuy + wfu; = —2DoDyug — 2uDoug — oufy — azil (5
— asUd — auug cos QT
The solution of equation (4) can be expressed in the complex form
uy = A(T))e %o + A(T,)e =070 6)
where A is the complex conjugate of A. Then, equation (5) becomes
Diu; + odu; = —[2iogDA + pA) + 3a,A%A)e0T
— (a; + 403 AA)A%e?90T0

, ) 1 :
— uzABeSJmoTo _ a3A4e4|m0To —_ 5 a4Ael(Q+(x)0)T0 (7)

- %aﬁef(ﬂ‘m)ro — 2AA(a, + 3a344) + cc.

where c.c. stands for the complex conjugate of the preceding terms. Any
particular solution of equation (7) contains secular terms and small-divisor
terms when () = 2q,. To treat this case, one introduces a detuning parameter
o to convert the small-divisor terms into secular terms according to

Q =20 + e 8

Eliminating the terms in equation (7) that produce secular terms in #; yields
2!(1)0(D1A + }LA) + 3a2AZZ + %aﬂe‘br' =0 (9)

Consequently, the solution of equation (7) is

A — 2 _ . A
= —%?‘ (o + 304A) + Z),A_i (o + 4(13AA)€2'°’0T0 + il 3 e>w0To
Wy Wy

8(1)0
oAt oA )
+ diwolo  ————  ol+e0)To 4 ¢ ¢, 10
1503 © 20(Q + 200) ¢ e (10
Substituting the polar form
A=2aP (in
2
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into equation (9), where a and B are real, and separating real and imaginary
parts yields

ogua

a + pa-= _IZTO sin y (12)
1 30,87 aua
— — Ny - = —_ 13
3 a(c —v") 8wg  4wg cos y (13)
where
v =0T, — 2B (14)

Substituting equations (6) and (10) into equation (2) yields the approxi-
mate solution

_’(12(4(!1 + 3(13(12) i ((11 + (!3(12)(12

u=acos(u)0t+B)+e{

8w 6w3
Xcos(Qwgt + 2B)
a,a’ asa’
+ m cos(Bwgt + 38) + 12002 cos(dwgt + 4B)

Q.

4a 2
+ 2—#—0(9 + Zo0) cos[(Q) + wp)t + 3]} + O(e%) (15)

For steady-state solutions, 2’ = y' = 0, and equations (12) and (13)
become

—Qua
pa = 4:)‘; sin 7y (16)
1 387 oua
2 ao — =2 17
29 7 Bap  dwg Y 17

Equations (16) and (17) show that there are two possibilities: a = O or a #
0. When a # 0.

B = *:1%, sin y (18)

= —CoS Yy (19)
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Squaring equations (18) and (19) and adding the results gives the frequency-
response equation

903 , 3oyo ) a2 o
~ + prt+—- =0 20
6403 ” " Bwo © M T4 T 1602 20)
which, upon solving for q, yields
a=1[§x &+ )"~ (21
where
4(1)00' 4 2
= = — 16wip? — 403c? 22
3, 97‘%(&4 6wpp. ®50”) (22)

To determine the stability of the trivial solutions, one investigates the
solutions of the linearized form of equation (9); that is,

2img(A’" + pA) + % aAe°T =0 (23)

Letting
A = (B + ib)eT? (24)

in equation (23), where B and b are real, and separating real and imaginary
parts, one obtains

B +puB+Tb=0 (25)
b +ub+I,B=0 (26)
where
i Oy
=—|l=+— 27
L (2 * 4m0) 7
o oy
=2 _ 4 28
=3 4w, (28)

Equations (25) and (26) admit solutions of the form

(B, b) = (B, b)e" 29
where B and b are arbitrary constants and

N=-—nx JT, (30)

Consequently, a trivial solution is unstable if and only if
F1F2 > |L2 (31)
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and otherwise it is stable.
To determine the stability of the nontrivial solutions, one lets

a = ay+ a(Ty), Y=Y + 1:(T)) (32)

where a, and vy, correspond to a nontrivial solution and a; and vy, are perturba-
tions which are assumed to be small compared with a4 and v,. Substituting
equation (32) into equations (12) and (13) and linearizing the resulting equa-
tions, one obtains

ai+yW =0 (33)
i+ 2puy tal =0 (34)
where
_ [ _ 3a,a3
F] - a0(2 8(,00 ) (35)
F2 3(120() (36)
2(.\)0

Consequently, a nontrivial solution is stable if and only if the real parts of
both eigenvalues of the coefficient matrix in equations (33) and (34) are less
than or equal to zero. Since equations (33) and (34) admit solutions of the
form (a;, vy,) * €*"t provided that

A= —px Jpr+II €x))
then the steady-state solutions are unstable if and only if
rr,>0 (38)

and otherwise they are stable.
It follows from equation (15) that, when € — O, then

u — a cos@Gr — Iy) (39
where a and vy are given by

a= [E + (§2 + T])l/2]l/2 (40)

Y = tan” ‘( Swopt )

. 41
3a,0° — 4woo @0

Noting that equation (39) is the solution of equation (1) in the case of the
steady state. Also, as t — o, the solution is bounded.
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4. THE GENERALIZED SYNCHRONIZATION METHOD

For this method see Balbi (1973) and Elnaggar and Hamd-Allah (1982).
When € = 0, the solution of equation (1) can be written as

u = a cos(wgt + ¢) 42)
where a and ¢ are constants. It follows from equation (42) that
i = —mga sin(wyt + ¢) 43)

When e # 0, we assume that the solution of equation (1) is still given by
equation (42), but with time-varying a and ¢. Differentiating equation (42)
with respect to ¢ and recalling that a and ¢ are functions of ¢, we have

u = —wpa sinfwgt + @) + d cos(wyt + ¢) — ad sin(wet + ¢) (44)
Comparing equation (44) with equation (43), we conclude that
a cos(wgt + @) — ag sin(wgt + @) =0 (45)
Differentiating equation (43) with respect to ¢, we obtain
i = —wja cos(wgt + @) — wed sin(wgt + @) — weap cos(wgt + @) (46)

Substituting for «, i, and i from equations (42), (43), and (46) into equation
(1), we have

a sin{fwgt + @) + a¢ cos(wyt + @)
2
. o a 2
= e[—Zp,a sin(wgt + @) + —— cos“(wet + ¢)
W
3

ana 3
+ —— cos’(wgt + @) +
W W

(!3(14
cos*(wot + @) 47

ogua
+ ——cos(wgt + ¢) cos Qt]
W

Solving equations (45) and (47) for ¢ and ¢ and using the trigonometric
identities gives the following variational equations:

) 2@ + azat | aad’ |
d=¢€| —pa + —————ssin Yy + —— sin 2y + pa cos 2
8(1)0 40.)0
4,0 + 3oa’ aa® ozat |
——— =" in 3y + = sin 445, + >~ sin Sis,
160, 8wyq 16w,

+ 2‘:—)‘:—) sin(y + 20g) — %‘z sin(y — 24;0)] (48)
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3.a® 6 + Sond? 2
¢ = e[ aa + bl %ad cos Py — . sin 2y + 229 cos 2iy
8wy 8wy 20
4a,a + Soua’ a,a’ oxa’
——1——1—6(00—3 cos 3, + _82;; cos 4y + _16—(»0 cos Sy,
Oy Qy oy
+ — cos(li + 2ypp) + — cos(Py — 2ip) + ——cos ¥ 49)
4ag 4 2w
where
Yo = wot + ¢ (50)
b= (51

For principal parametric synchronization (i.e., {} ~ 2w,), then from
equations (48) and (49) we retain only the constant terms and the terms of
small frequency; thus we have

Fin 0 =Jon = |5 t)], y= [g]

_lq:(y’ t)
where
L A
fias ) = —pA — — sin[(Q — 2w)t — 2P] (52)
4(1)0
2
oo ) = 22 L % (@ — 200 — 20 (53)
80.)0 4(1)0

and the terms of higher frequency are

7 fla()’, t)]
() t = T
£ 0 [fup(y, D
where
. 20,A7 + 4 A3
fiady 1) = Zoud + A sin §iy + ac il sin 2§y + pA cos 25
8(.00 4(.00
40,A% + 30,4 A3 4
+ fand” 7+ JaA sin 3y, + 222 i 4y + oA sin Sy,
16(.00 8(.0() 1 [0}

+ A G + 200 (54)
4(1)0
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60yA + SasA’ i A2
~——————cos Y5p — W sin 2y +
8(1.)0 20.)0

4o A + SasA’ a,A?
+ '—E— cos 3y, + == cos 445y
16w, 8wy

3

fl(p(.)@ t) = Cos 2¢0

+2 S + —
T6wg 5% * 20,

cos(l + 2Up) + —>cos Y (55)
2(1)0

Then the reduced system to the first approximation takes the form

[g] = i3,

ie.,
. A
A= —e{p.A + — sin[(Q — 2w}t — 2<I>]} (56)
4(1)0
2
b = e{3°‘ZA + 24 os[(Q — 2wg)t — 2@]} (57)
8wy 4wy

Since t appears explicitly in equations (56) and (57), they are called a
nonautonomous system. It is convenient to eliminate the explicit dependence
on ¢, thereby transforming there equations into an autonomous system. This
can be accomplished by introducing the new dependent variable vy defined by

v =(Q — 2wt — 2P (58)
Substituting equations (8) and (58) into equations (56) and (57), one obtains

the autonomous system that describes the modulation of the amplitude and
the phase:

€A
A=—epA — 2L giny (59)
40.)()
1 3a,eA? oue
o — %) = + € 60
3 (0 =) = T+ T cosy (©0)

For steady-state solutions, we put A = ¥ = 0; then equations (59) and
(60) become, when A # O,

= e sin y 1)
®

= ——Cos Yy (62)
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b 10
a 5f
[+] -
-10 20 50

Fig. 1. Frequency response curves for subharmonic oscillations of order 1/2.

Squaring equations (61) and (62) and adding the results gives the frequency-
response equation:

%3 ., 3ao a? al
- —— A+ pr+ — - =0 63
610t B A TP YT T Tewt 63)

which is in full agreement with equation (20) obtained by using the method
of multiple scales.
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Fig. 1. Continued.

Following a procedure similar to that in the preceding section, one
obtains the following eigenvalues that determine the stability of the steady-

state solutions:
A= —px Jut+II, (64

where

1 30120(2)] 65)

' = eqq [50 - ™

3€ay

r,=

2wy (66)
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Fig. 1. Continued.

which are in excellent agreement with equations (35) and (36) obtained by
using the method of multiple scales. Note that in the case of the multiple
scales we have T) = etand T, = .

In order to establish the approximate amplitude and the approximate
phase, we find the function G,(y, f) as follows:

Gm()’, t):l

Gl(y’ t) = [Gl (y’ t)
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Fig. 1. Continued.
where
Gla(y’ t) = Jfla(yv t) dt
20,A% + A4 0o + A’ 05 2 pa 20
= —{————>———c¢0s —C - —
8w} €08 Yo 8w 20, 0
40u,A% + 3a3A? a,A® asA?
_— + = cos 4y + 5
1807 cos 3y 3202 cos iy 8ol cos Siig
oA
o +2 67
o T 3 SO wo)} (67)
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le(yv t) = wa()& t) dt

6(!1A + 5(13A3 . (12A2 .
= —8(;(2)~ sin iy + 5—; cos 2y + Aoy sin 245y
do,A + S5a,3A° A2 oA
W sin 3y + ‘3-:2-(;% sin 4, + m sin S5,

Q4
+ m sin(P + 24sp) + sm b (68)

Then the amplitude and the phase to the first approximation are defined by

alt) = A + eG,a(y, ?)

201A% + a3 A* a,A? pA
=A - e{—g—l—#— cos Yy + 2 cos 2yy — na sm A
8(1)0 8w,

2w
4(!1A2 + 3([3A4 a A3 3A
+ ———
280 cos 3¢5, + 3200 —— ¢c0s 45, + 2 Owé cos Sy
A + 20 (69)
4(1)0(9 + 2(.00) COS(l‘b ‘JJO

and

o) = D + €6, (1, )

60,4 + Sy A3 A2
=@ 4 TNAT WA e+ cos 200 + 2 in 24,
8(.0% 2(1)0 4(.00
4(11A + 5(13143 . A2 A3
+ ——W sin 3y, + e 2 sin 445y + 8002 <~ Sin 5wy
+ i + 20) + e sin (70)
e ———— sSin
dog(Q + 209 O T 2w

Then the approximate solution is

u(®) = a(p) coswgt + ()]

= [A + €G\,(3, D] cos[wgt + D + €6 (3, 1)]
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ie.,

4o A% + 334" pA 3,43
u(t)=Acos¢0+e—T+2osm¢0 1602

cos Yy

alAz + (X3A4 A3 4A4
—Bmo— cos 2y + 20 2 cos 3y, + E Ow% cos 4,

(14A >
—_— - +
+ 20(9 T 2% ) cos (‘b + d’O) COs(lb ll’o)} O(E ) (71)
which is in excellent agreement with the solution obtained by using the
method of multiple scales and defined by equation (15).
When € — 0, then () = 2w, a(t) — A, ¢(t) — P, and

u(t) - A cos (% O + d)> (72)
where
= [ = (& + "' (73)
1

(I) = *-2_, ‘Y (74)

4wgo
= (75)

2

_ 4 2 22 2 2

n= 902 (o — 16wsp” — 4wio) (76)

Bwop ) an

=t -y
o <3a2A2 ~ 4wy

These equations are in full agreement with the corresponding equations
obtained by using the method of multiple scales in the preceding section.

5. NUMERICAL RESULTS AND DISCUSSION

The frequency response equation (20) [which is in full agreement with
equation (63)] is a nonlinear algebraic equation in the amplitude a. This
equation is solved numerically by using the bisection method (Gerald, 1980).
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The numerical results are represented by Figures 1A-1P, which represent the
variation of the amplitude a with the detuning parameter ¢ for given values
of the other parameters. In all figures, the solid lines represent stable solutions,
while the dashed lines represent unstable solutions.

From the geometry of the figures we observe that the frequency-response
curves consist of two branches; the left one is stable and the right one is
unstable. These curves are bent to the right; the bending leads to multivalued
solutions and hence to a jump phenomenon. Also, there exist stable and
unstable trivial solutions. As the coefficient of parametric o, excitation

=1

n=1

xz=4

Ae=5

t=G.01

STABLE -
—~——UNSTABLE -

o - N

-10 20 50
(o4

Fig. 1. Continued.
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210 B 26 S0
ag
Fig. 1. Continued.

increases while the other parameters remain constant, the branches of the
response curve diverge from each other, and the region of unstable trivial
solutions increases (Figs. 1A—-1G). As the coefficient of the cubic term «,
increases while the other parameters remain constant, the solutions have a
small magnitude (Figs. 1H-1M). As the coefficient of the damping term p
decreases while the other parameters remain constant, the response curves
are not strongly affected and they shift slowly to the left, as shown in
Figs. IN-IP.

Finally, we explain the jump phenomenon: for example, in Fig. 1E, as
o is reduced from a value corresponding to the point A, the amplitude remains
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AT A 20 50
o

Fig. 1. Continued.

zero until the point B is reached. As o is decreased further, a jump takes
place from the point B to the point C. Then, as ¢ decreases further, the
amplitude decreases slowly. Also, we note that the region between the points
B and D represents unstable trivial solutions, while for the other regions we
have stable trivial solutions.

6. SUMMARY AND CONCLUSION

Two approximate methods (multiple scales and generalized synchroniza-
tion) have been used to obtain a uniform first-order (two-term) expansion
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Fig. 1. Continued.

for a one-degree-of-freedom system with quadratic, cubic, and quartic nonlin-
earities under a parametric excitation. Two first-order ordinary differential
equations which describe the modulation of the amplitudes and the phases
were derived. Steady-state solutions (periodic solutions) and their stability
were obtained. Numerical solutions were found by using the bisection method,
and are plotted in Figs. 1A—1P. The results obtained by the two methods are
in excellent agreement. The following conclusions can be deduced from
the analysis:

1. The frequency-response curves consist of two branches; the left one
is stable and the right one is unstable. These curves are bent to the right; the
bending leads to multivalued solutions and hence to a jump phenomenon.
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2. As the coefficient of parametric excitation o increases while the
other parameters remain constant, the branches of the response curve diverge
from each other, and the region of unstable trivial solutions increases.

3. As the coefficient of cubic term a, increases while the other parameters
remain constant, the solutions have a small magnitude.

4. As the coefficient of damping term . decreases while the other
parameters remain constant, the response curves are not strongly affected,
and shift slowly to the left.
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